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A divisibility property of certain products of factorials

by

J. van de Lune

ABSTRACT

Recently RUDERMAN conjectured that for n,a],az,...,an € N the

fraction

(nal)!(naz)! ce (nan)!

n

n-1 ' 01
n (al.a ....an.) (al+a

2

+...+a )!
2 n)

is actually an integer.

In this note it is shown that RUDERMAN's conjecture is correct.

KEY WORDS & PHRASES: dZvisibility, factorials.



In 1875 it was shown by BOURGUET (c.f.[1; p.63]) that if n € IV,
n = 2 and al,az,...,an are positive integers then the fraction
(na,)!(na,)! ... (na )!
1 2 n

(1) T
1°72°

[
een an.(a]+a2

+,..+a )!
n)

is actually an integer.
Recently it was conjectured by RUDERMAN (c.f. [2]) that if n e IN

and ajs...,a are positive integers then the fractiom

(nal)! cee (nan)!

(2) n—-1

v y -l v
Ad,s0eed o a,t.,.ta .
n ( n ) ( n)

1 1

is still an integer.

The main purpose of this note is to prove that RUDERMAN's conjecture

is correct.

PROOF. The main tool in our proof is Legendre's well known factorization

formula for the factorial

| 5]
(3) m! =1 p Pt , (m e ).
P

Let p be any fixed prime.

CASE 1. p T'n

The exponent of p in the numerator of (2) is

n
(4) )

and the exponent of p in the denominator of (2) is

n [ee]
(5) (n-1) ) ]

[P, 5 25 -en]
k=1 i Li] 121[ '

1 Lp pt J,



so that p is going to survive if (4) = (5). Hence, it suffices to show

that for all 1 ¢ N

n a,+...+a
[Pk ] _ 1, [ n]
LA e o U oS R A e |
Writing
(7) a = ¢ pi +r, with 0 < r < pi
k “k k T Tk
we see that (6) may be written as
n nr n T r,te.otr
[ k| [ k], T 1 n]
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Defining
(10) R = max {rl,...,rn}
we have

1.

i
(o I

L
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[nrk] N
[ pi ]

k], [oR
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k=1

and the proof of case 1 is complete.



CASE 2. p | n.
We write n = m-pa with (m,p) = 1. The exponent of p in the numerator

of (2) is again given by (4), whereas its exponment in the denominator is

lil ‘i’ l‘a 3:0 +...+an-|
(12) (n-1)a + (a-1) * [ 4 ]
k=1 i=1 Lplj i1 oF

so that p is going to survive if (4) = (12).

Now observe that
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(since [mx] 2 m[x] for x > 0 and m ¢ IN)
n ® ra
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Hence, it suffices to show that
n n ® ra ® ra.,+...+a
14 = > (n-1 -m~1 L&] [Z17 ]
(14) P kz %k (e=Do + (am=1) 2 Z] Lpl * izl L pt J
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For k = I,...,n let e(k) be the largest integer such that

a,
pe(k)

= 1

(15a)
and let e be the largest integer such that

(15b) MR > 1.



Then it suffices to show that

n-m n e(k) a, e al+...+an
(16) = Z a > (@Da+ @n-1) ] ] —S+] L2
P~ k=1 i=1 p' i=1 P
(since p l n = Pa >1=mn>mn= n-m-1 2 0)
or , equivalently, that
’ 1
__n ' n T (k)
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1
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which may be simplified to
a n
~m—1 k 1
(18) inl ) + S 2 a 2 (n-1)a.
k=1 p (p-Dp k=1l

From the definition of the numbers e(k) and e it follows that it suffices

to show that

n-m—1 1
(19) oo - > (n-1a

or, equivalently, that

(20) n(n-m) = (n-1){I+a(p-1)}.

If m=1 we have by Bernoulli's inequality
(21) n=p" = {1+(p-DI1% 2 1 + a(p-1)

and (20) follows.



If m 2 2 we observe that (20) may be rewritten as (note that n = mpa)

(22) E.I;Tmz_irzé_lz:v_
pY-1
Since
(23) —I-l—r_il—m>m22
and
(24) I+a(p-1) _ 1+a(p-1)  ralp-n) o, 1 <5
p%-1 (p=1) (14p+...+p2~ 1) = (p-1) « a(p-1)

our proof is complete.

REMARKS. 1. From the above proof it also follows that if n is not a pure
prime power (so that m 2 2) then formula (20) holds true with = replaced

by > so that the fraction

(Mayr, ., (P2n)!

n—1 ' ¢y0—1
R(n)n (al....an.)

(25)

Fouot !
(a1 an)

is still an integer.

Here B(n) is defined as follows: If n = p?l pzz...pzs is the

canonical prime factorization of n € N then

(26) B(n) = PPy--Py> (B(1) = 1.

2. Similarly as in the above proof one may show that

@apyr, (M)

(27) = : —a
n (a,:...a )
1 n

€ IN.

However, (27) is a special case of the more general fact that
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(28)
CHRCRNEI

€ IN.

Indeed, (28) follows from an observation made by WEILL (c.f. [1;p.571),
namely that

(na)!

n!(aH)®

(29) e IN.

During the preparation of this note R. TIJDEMAN suggested the following
proof of (29),(compare [1;p.571]).

If k and a are positive integers then

(30) a! | (ka-1)(ka-2)...(ka-a)
and
(31) a! | ka(ka-1)...(ka-a+l)

so that (by subtraction)
(32) a!l | (ka=1)...(ka-a+1){ka - (ka-a)}

and hence

(ka):

(33) alk | ka(ka-1)...(ka-a+l) = DT

From this it is clear that

(34) (@)% a! =1 (alk) |(na)!

k=1
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